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SECTION 1

INTRODUCTION

One. of the primary considerations in the desi gn of structural  sandwich

components is the stability of the panel when subjected to inplane loadings.

These applied loads consist of edgewise compression, edgew ise sh ear and

edgewise  bending moments, as illustrated in Figure 1.

The amount of l i terature available concerning the buckling of flat ,

re tangular sandwich panels i-s rather limited. There are several references

to uniaxial edgewise compression ~~ and se veral ref erences to th e problem

of shear alone 2
. The case of combined edgewise bending and compression

has not been extensively investigated. Other observations have considered

the effects of compression combined with shear by the use of interaction

formulas 6 
The results presented , therefore, have very little in the way

of previous results that would in some way support the material presented .

This report presents  a method for the prediction of the general

stability of flat , clamped sandwich panels loaded by combined , edgewise

bending, biaxial compression, edgew is e shear , and un iaxial compression.

It is anticipated that the method presented will be a useful tool in the des i~~i i

and analysis  of sandwich components.

1. 1 DEFINITION AND SCOPE

The analysis presented considers buckling of flat , rectangular

sandwich panels subjected to combinations of uniaxial ed gewise compression ,

biaxial ed gewise compression , edgewise bending, and edgewise shear  loading.

The component l aye r s  are  restr ic ted to linear elastic behavior and small

displacements for  the clan-Ipcd panels being considered.

Num e r ica l  s u p e r s c r i p t s  indica te  R e f er e n c e s .
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The core is considered to be completely rigid in the direction normal

to the panel. The resistance of the core to extension and bending is assumed

to be negligible; the re fo re , the strain energy may be taken to consis t  only of

contributions due to transverse shear  modul i of the core which  may be hel pful.

The face sheets are assumed to be isotropic but may have d i f fe ren t

properties and thicknesses.  Critical combined loads of classical  plates

may be obtained as a special case (Love-Kirchoff  hypothesis) ,  since the

flexural rigidity of the faces is not neglected.

1.2 METHOD OF SOLUTION

Linear anal yses of sandwich deformations , in general , fall into

two categories as follows :
4 

formulations in terms of face displacement,

and analyses in terms of functions related to core displacements.

Theoretically, the two methods a re  equivalent , but with regard  to the

boundary condition s, permit slightly dif ferent  numerical t reatments.

The results presented are based on the so-called ‘tilting method’

by which the displacements in each face are related to the d i sp lacement of

the core. The solution is obtained by using the Ritz method to minimize

the total potential energy in the panel . For the purpose of uncoupling the

flexural and extensional strain energies , it is assumed that there exists a

‘neutral plane ’1 in which no inplane disp lacements occur during the buckling

mode deflection. The neutral plane location which corresponds  to the

given buckling mode is then treated as an additional degree  of f reedom

in the minimization of the potential energy.

It is clearly noted that a linear analysis is only valid under certain

ideal conditions. The most important condi t ions a re  that prior to buckling,

the s t ruc tura l  components experience only inf in i tes imal  changes  tn g e o m e t r y ,

and that there  is suff ic ient  symmetry such that  the a s sumpt ion s  aimed at

uncoupling modes of defo rmation a re  j u s t i f i e d  (i. e. , the ex i s tence  of n e u t r a l

planes) .  Also sandwich panels which have severely unba lanced  f a c e  c o n s t r u c t i o n

are likely to require a more ri gorous , nonl inea r t r e a t m e n t , s i n c t ’  the

assumptions concern ing  the n e u t r a l  pl a n e s  may  be ex~~~
I, i  ~t d .

3 
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SECTION 2

THEORETICAL APPROAC H 
-

To cons t ruc t  the total potential  energy  of the panel , a d i sp l acemen t

formula t ion  is u s e d .  The theory  on which  this  anal ys is  is based is p resen ted

in Refe rence 4. For completeness the essent ial  equat ions  are  p r e sen t e d here .

2 .1  GEOMETR Y

In Fi gure 2 , the panel conf igura t ion , re fe rence  axe s and loading con-

vent ions are indicated.  The x-y p lane is chosen to coincide with the panel’ s

midplane. The s t ress  resultants  and d i sp lacements  are shown to be of

posit ive sense in the fi gure.

In Figure 3, the assumed geometry  of deformat ion  is shown in the

xz coordina te  planes. A t ransverse  def lec t ion  occurs , accompanied by t rans-

verse  shear  defo rmations in the core as the panel  buckles.  D ur i n g  this —

deflect ion it is assumed that there is some plane locate d at z = e w h e r e  the rex
is no fu r ther  inp lane displacement and that the rotat ions of the  pane)  in the xz

plane occur about po ints in this plane w h e r e a s  rotat ions  occur  around the plane

z=e  in the yz p lane. With these assumpt ions, each of the inp iane d i sp lace-

ments  of the p lane can be expressed  in t e rms  of the t r a n s v e r s e  d e f l e c t i o n  w

and the core rotat ions 0 and 4L in the xz and yz p lanes respec t ive ly.

2 .2  POTENTIA L ENERGY

The assumed geometry (F igure  3) permits  the rota t ion s and disp lacement

about the neutra l  plane to have the following f o r m s  (see  R e f e r e n c e  4 fo r  de ta i l s) :

= ~~(x ,y ) ,  i~ ~ (x , y) ,  w = w  (x , y)

and

d
- .

~~
. + t f

~fx ~ f + ( - l ) ~ ~~ 
( 1 )

a = 3 4 - ( - 1 )  c ; f = l , Z
fy f y

4 
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It is again important to note that the neutral  pl ane loca t ions e , e ar e
x y

unknown parameters which will be determined in the process of minimizing

the potential energy.

Thu s making these substi tutions , the potential ene rgy  func t iona l  is
obtained as f ollows:

= Z f~ 1 ~~ S
b 5a  c a 1 tf ~~~~ 

~~ + ~~~~~ ø~ y
2 )

+ a a t [ 2 ~~~0, w , + ( l  -
~~~~ 

)
~~, ~) ,f x f y f  f x y f y x

2 . 2 l V f 2
+ a t ( ~~ , +fy I y 2 x (2~

+ 
a~~ t

1
2 

[~~
, w , + 

~~~~~~ 
w , +( I - 

~~ ~~
, w ,

+ ~~~+ ( ~~~~ 

2
+ t [w + 2v w, W , +W , +2 ( 1 - ~) ) w , 3 ~ dxdy3 f :n~ f ,

~ yy yy f xy

+ I 5 b r a 
~ C t (0

2 
+ ~~~~~~~ +~~~ , ~ ) + G  t (~~2~~~ 

~~ , ~~~~~2 0 0 CXZ c x x cyz C V Y

I ~ 
b a 

[N  ~~ , 
2 

+ 2 ~~
‘, w , + ~~ , dxd yZ o  o x x xy x y y y

It is important to realize that the resultants N , N , N need no t be
x ~cy y

constants throug hout the panel , alt hough they must  sa t i s f y the equi l ibr ium

conditions before buckling as fol lows:

7 
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= 0
x ,x xy,y

(3 )

= 0xy, x y , y

Hence the quantities N
~ 

and N
y 

may be taken to be both u n i f o r m  and

l inear ly va ry ing  compress ive  f o r c e s ;  having the fol lowing fo rms :

= N + N  (y )
x xo

(4)

N = N + N  (x)
y yo yB

thus permi t t ing  the cons idera t ion  of e d gew i se  bending fo rces .  The special

case of a pure edgewise b end ing  m o men t  ( Fi gur e  1) will  be ind ica ted  by the

symbols N and N , such tha t
xB y B

N~~~ (y )  N
xB 

( 1 - 2

-— — ,.- 
(5 )

N ( x )  = N ( 1 - 2 - -  )

y B y B a

The linearly va ry ing componen t  of the pur  e d g Y ~ V iS I  bending  load , t h e r e f o r e ,

is twice the magnitude of the u n i f o r m  component, and opposite in sign.

~~~ _
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SECTION 3

N L M E R I C A L  SOLUTION

The pr inci ple of minimum potential  e n e r gy  can be appl ied  to p r o d u c e

the des i red  condi t ions  for  equ i l i b r i um.  The potential  en e r g y  shoul d be

expressed  in t e rms  of a comp lete , admissible set of func t ions  that  sat isf y

the geomet ry .  A pp l ica t ion  of the p r inc i p le of n i i n i nr n r i i po ten t i a l  e n e r t . ~y

p r o d u c e s  the a p p r o p r i a t e  In inimiz in~ re la t ionsh ips in the f o r m  of an c

p r o b l e m ,  fl y consi de i - ing  success ive ly l a r g e r  so lu t ion  sets , each of w h i c h

i . on t a ins  the  p r ev ious  one , monotonic conve rgenc e to the true solutic~ri is

s u re l y gua ran teed .

3. 1 POTENTIAL E N E R G Y  BY THE RITZ METHOD

The potential e n e r g y  associated with the buckling of the  panel is given

by E quat ion ~~. This E quation is in te rms of w , 0~ 
and ~- , th u s  admiss ib le

assumed mode funct ions  must satisf y the conditions of continuity and

d i f f e  r en t i a b i l i t y ,  as well  as the f o l l o w i n g  imposed  b o u n d a r y  c o n d i t i o n s 4 
f o r

t h e  c lamped panel :

~~ ( o , y )  = w (a , y )  = w  (x , o) w(x , b) = 0

and

w , (o , y )  = w, (a , y)  = w, (x , o) w , (x , b) 0.
x x y y

T h e r e f o r e , an appropr ia te  set of funct ions  is as fo l lows:

1.
(m -  I h-t x (rn f 1) ~rx

w( x , y )  = ‘-~ A (cos - CO S

m=l  i~=1 mn a a

(n - I )-t~y (n ~
- 1) iry ( 0 )

(c os  - cos  )
b

0 ( x , y )  L i~ ~(m + 1) ~~~ 
(n  f 1) 

~~ 1)
n,=l n=l 

-- - _ - - - -- -,-— .-— ~~~- --.~~~~~~ --~~ . . -  _ _ _ _  
_______
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- (m- 1)iTx \ (n-1)lTy (n+l)rr y
s~n 

j (cos - cos
a 

/ 
b b

2 2
- (m - l ) i T x  (m+ 1) ir x

4.(x,y) = ~ L C (cos ) - cos
mn a a

m=l n=1

((n + 1) sin +~~ ~~ - (n-i)

Substitution of these assumed forms  for the displacements into the potential

energy (Equation 2) yields a function r which is thus expressed ent i re ly  in

te rms  of tri gonometric functions as in Equation 6 (see Appendix A). The

integrations required over the area involved can be carried out directly,

according to the following :

a rn -iT x - r~rx a 8
sin sin — dx = — mr

a a 2
m = 0

b b 8 or b for
COS 

b 
C05 

b 
dy = ~~

- mr r = 0

a ( )
nix 2am

sin — c o s— d x  = —-
a a 2 2 mr

- r )

a 2 2
mirx nix a a 1 1

x ~os --— cos —— = — - — [— ÷ J ~~a a 4 mr 2 2 2 mr
ii ( m-r )  ( m + r )

a2 r n 0
or — for

2 r=0

where ~ is the Kronecker  delta , and ~ is defined as follows:
mr mr

i- even
m r  

— 

~~1 ;m  + r o d d

The express ion  obtained upon subst i tut ing t h e -  a s sunw o  f l l O ( l ( S f o r  the

potential e ne r g y  (E quat .ion 6 ) and thus  pe r f o r m in g  the  i n d ic a t e d  i n teg r a t i o n s

~s g iven above is as shown in Appendix  i~ .

U)
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It is again important  to recognize that the  p a r an u -t  rs  and

conUiin the locations of the neutral planes (Equation 1). Thu s they

also are undetermined parameters dependent  upon the p a r t i cu l a r  buckl ing

mode; that  i s ,

a = (afx fx mn

a = (a )
fy fy mn

Since the energy expression contains cubic terms such as a
1 0 which

are evidently not quadratic forms in the unknowns A , B , C , enm mn mn xmn
and e , the minimization of the energy  will involve a system of nonl inear

ymn
simultaneous equations in its present  fo rm.  In order  to avoid th is  d i f f i cu l ty ,

it is advantageous to define the following additional pa rame te r s:

H = e B
mn xmn mn

K = e C
mn ymn nm

U pon making this addi t ion,the following p a ra met er s  take ~~i i  the fo l lowin~

forms (Equation 1).

Hf mna = P
fxmn f B

mn

K
3 + ( _ 1 ) f ~~~ ( S I

fymn  I C mn 

H H
2 - — 

f li f l  
- -  :- ~ 1) 1

= -i ,. = ~ - f ~ ( - 1)  1; f ’  B ,
fxrnn fxmn fx-~ p f f ii n

I-I 11
m n

B B
mn 2 p

I I

____  
.
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2 2 
K f 

K~
a £ = + ~ ( -U  — ± ~~ ( - 1 )  —

fymn  fymn fy p f f C I C 2

K K

C
m n  L j )

i i  K H K
a ci = B 2 

+ e ( - l ) ~ 
__!3.!!! + ~ ( f l

f 
~~~~ ~ mn _~~p

fxmn n fy 2 p f f l~ f C,  B C
mn -~p mn

Upon making these subst i tutions into the expression for the potential energy

in Appendix B, the expanded and sim1)lified express ion  for the potential

energy is found in A pp endix  C in which all terms are quadratic  in tim e unknowns

A , B , C , I 1 , and K
m u  m n  ron n-en nmn

A linear system of equations of the unknown p a r a m e t er s  can be formed

when the pr inciple  of n-einimu mn potential ene rgy  is applied.

3 .2  PR INCIPLE OF MINIMUM POTENTIAL ENERGY

The pr inc i ple of minimum potential energy  in the var ia t ional  fo rm is

as follows:

ott 0 ( 9 _ ,
p

where  ~r is g iven in Appendix C. After  discretization using the Ri tz  nmethod ,

the minimum potential energy principle requires that

~ 
[
~ (x i

, x 2 .. x )  3 = 0 i = 1 , 2 , 3, ... n

xi

where the x are the unknown d i sc re t e  p a r a m et er s .

12
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From the expression for the potential energy in Appendix C , ther e can

be f ormed a set of matrices by rearranging the terms as follows so that the

resulting matrices are symmetric about the dia gonal of each matrix.

= X~~~DX + x x  T (10)

- 
~. - - - T  - -

B 11 
— B11 B11 

— B11
B 1.,

B22
C

l i
C l2

H~~ D
~~ 

D
12 +f x o o

H12 422x42 2 42 2
x £2~ ~ ~ 4L 2

~~4L 2 42 2
x 2

2 
-

H 22
K 11
K 12

K 22
A 11 D 1 Z

T D 2 2  o c
A 12 L ”x 4 2 2 22X 2 2 2 2 x 4 1 2 L’ x 2

A 22

2 2 522 52 ’~ 
- -  --

, , —

where each vector is of size 52 - and each ma~tr ix i~ of t o t a l  s ize  52 ~x ~2

which is divided into the submatr ices  as in d ica ted .

13
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The first matrix (matrix D) contains all the terms associated with the

potential energy of the sandwich panel. The second matrix (E) contains all of

the terms associated with the work that is applied to the sandwich panel from

Appendix C. The only difference is that the applied loads are now written as

follows:

(N , N N , N ,N ) = ~. (n , n ,n , n , nxo xB’ xy yo yB xo j~B xy yo y
where now the submatnix contains the relative magnitudes of the applied loads ,

thus being able to factor the parameter X out of the matrix .

To apply the principle of minimum potential energy,  it is required now

to take the partial derivative of the potential energy against the vector X which

contains the unknown discrete parameters.  When this is done the res ulti ng

expression will be as follows:

-~-~~~= O = D X + X E X  ( 11)

B
12

I3
ii

o BU
O C

l i
o C

D D 12 o o
O I i  12

42 2x42 2 42 2x 2 2 
C ’ 42 2

x 4 2
2 

42 2x 2 ’
£2

~~~~ : H -‘
O 11

H
i2

1
~ l 1

0

D 12
T 

D,, 0 0

52 2 2 2x 4 2  L~~~ 2~ ~~~ 2 2
~~~4 L 2 2 2

~~L 2
11— 

~ l2

14
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Now the express ion of the potential energy is in the required form to
apply the princi ple of minimum potentia l energy. It is now just a matter of
solving the system for the unknown pa rameters:

A , B , C  , H , K  , a n d X .inn inn inn inn inn

This is easily accomplished and wifl be shown in the next section.

3.3 ASSEMBLY OF EQUATIONS FOR SOLUTION

To easily solve the system of equations in expression (1 1) ,  the

expression must first be rewritten as follows:

DX - X E x (12)

~~11
B
12

B~~
c

li
C

l2
D12 : 0 0

42 2 42 2 4L 2
~ £ 2 H 11 

4L 2x4L 2 42 2
x 2 2

H 12

D12
T 

H~~ 
0 G

2 2
~~L

2 K
11 £ 2

~~4j 2 2 2
x 2 2

K 12

K U - -

A 11
A 12

52 2 
15
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To solve this system, one can multiply the submatr ices in block

fo rm as follows to result in the expressions: 
-

x 1

A u

[4~~~
’
42 z] 

+ 
[4~~~~ L 2] 

{
~~
:}

L’<~42 2 (13)

x l X 2 x 2 -
-

B

B 1~, A 11

+ L~] 12 

= -

~~~ [L~~X £ 2] I ~ -

K
11 A~~ ~~AU) 

-

-

K
12 2 2 —

42 2 J
The procedure is to eliminate the vector in the second expression

above. This is accomplished in the following manner .  R e a r r an g ing the f i r~~ -

• expression , it can be rewri t ten as follows:

16
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[D 11 1 [ x
1~ = - [D 12 ] [x

2 1

and now solving fo r  X
1 

to obtain

( X
1

1 = - [D
11

} 
-l  

[D
12 J [x 2 ~~~. ( 14)

Now Equation ( 14)  can be rewritten as fo l l ows :

[x 11 = - {P} [x
2

1 ( l 5~

where  the matr ix  P is the muLti p l ica t ion of [D
11

} ~ fD 12
} and t h e r e f o r e  has

a size of 4.~ 
2

x £ 
2 

T h e r e f o r e , it fo l lows  that :

[P 1 = [D
11] 

-1 
[D 12 ] ( 1 ( 1

for  which  an equation solver can be used  to d e t e r m i n e  the en t r ie s in the

matr ix P for  which the solution is needed .  Now the solution fo r  the v e c t o r

needed  in Equation ( 1 5 )  can be subst i tu ted into the second e xp r e s s i o n  in

Equation (13 )  to obta in :

• 
[D

12
] ( -[P3 ) [ 1 

~
- {D ~~~~ , 1 

1 = - X [C] I 1

The left  s ide of this exp re s s ion  can be r ewr i t t en  as fo l lows:

(- [D
12

] [ P 3 1- [D
22

] ) {

The mat r ix  in the above e x p r e s s i o n  is the f i n a l  s t i f f n e s s  m a t r Lx  w h i c h  is

as follows:

17
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[2
2
~~~

’
~~~~ ~~~~~~~ 

+ 
~ L 2

x L 2
~

Therefore, the second expression in Equation (13)  can be written as

follows:

A
11 ( A 11

[K] = -x [a]

A~~
2 2 2 2

and t h e r ef o r e  can be rewri t ten  to obtain :

A
11 

A
11

~~ [2~~~~L~~~~~~~~ } =  
~~~2

1

w h e r e  all th e  en~r ie s in the  f inal  s t i f f n e s s  mat r ix  l~ and ‘ri - f inal geometr ic

s t i f fness  matr ix  C r e su l t  f r o m  the equation the  ~~ t~~n t i a 1  e n e r g y  ~n

Appendix C.

Finally, the cr i t ical  loads and the c o r r e sp - ~ndin~ mode shape s of the

panel can be obtained by solving the  ci~ cn v a lu e  p r ob l e m  r cp r  s en t c d  by

Equation ( 1 7, .  

- — 
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SECTION 4

SUMMAR Y OF RESULTS

The procedure whic h was outlined in Section 3 has been imp lemented

in a compute r p rogram.  Resul t s  have been obtained for  several  examples

of individual crit ical loads f rom othe r articles in order  to ve rif y the

program’s accuracy.  Also , critical loads have been calculated for  variou s

cases of combined loads and these resul ts  have been compared  with the

existing interactive formulas.

4.1 EXAMPLES

The results of typical calculations pe r fo rmed  by the compute r p r o g r a m

(FSC PAN) to test its validity are presented in Table 1. The results are

varied basically due to the type of analysis for  clamped sandwic h panels

per formed by the re fe rences  stated. Each re fe rence  takes a slig htly varied

approach to the analysis.

F’or these examples, ag reemen t  with the previously published resul ts

was good in the case of shear load s, but was much lower in the case of

compressive loads. The cri t ical  loads calculated for  compress ion  a re  much

lower than those cited because the modes g iven do not uncouple .  T h e re f o r e ,

it is not possible to solve the equations in closed fo rm as in the  s imple

support case in R e f e r e n c e  8.

Convergence of these  examples is l imited to ci~~h t  t e r i i i ~-~ w ( u . ru = 8
in Section 3 (E quation ( )  of t h i s  r epor t .  Using eig ht t t - r rn s , the dn~ount  of

compute r space needed is approximate ly  on e - h a l f  t l ic  ava i lab le  compute r

capacity on the C Y BE R  74 at W r i g h t —  Pat te rson  Air  1 o r e t  1~ase .  If n e t - d u d ,

more  t e rms  c ould Lu used , but t h e  amount  of sp a c t -  nt~.~- c ~t -d  i n c r & a s u ~

drast ical ly  as more  t e r m s  a re  adde d  to ftc . -x p r u s s i o n  ( E q u at ion  u~ .

As for pure ( ( l L ~t~W~ se b en d i ng ,  t h e r e  ~ cr c  no previou s r e s u l t s  found

to v e r i f y the compute r  prog ram.  The only resul ts  a v a i l a b l e  a r e  t l iu s t -  of

the i n ter a c t ion  f o r m u l a s  w h i c h  will  he ~-~~an ined mo ri c ] a s ( - l y l a t e r .  

~~~ —~-—— ---—----- — — - - - - - - -- - • - - - ---- -- -—---- -~~ —-- • • -~~~ —— - ---- —----- -- - -— -~~~~~~
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4 .2  LEVY ANALYSIS

Critical loads calculations for  typ ical isotrop ic panels subjected to

• compressive loads are presented in Figure 4. Samuel Levy (Reference 1)

has determined a relation between the critical s t ress  ratios and the length

to width ratio for isotropic flat panels subjected to an edgewise compressive

load. His analysis starts with the case of the simple support panel in which

the disp lacements of the panel are assumed to be zero; then by revising this

analysis he is able to adjust the coefficients so that the slope of the clamped

edges is also zero. His analysis leads to an infinite series solution for

which convergence is extremely rapid. In Figure 4 his results are plotted

as indicated for  the critical stress ratio

(c ) b2
h

X cr
2-rr fl

where

Eh

12(1- 0 2 )

To verify the analysis oi this report , th ree  panels \vt -r e  used to I h t a j n

results similar to that of Levy. These panels are  p resen ted  in Tabl e  ~~~.

The panels presented were  used in tois analysis, computer  p r o g r a m

(FSC PAN) and MIL-H D B K - 2 3 A  analysis  for clamped panels.  As can h i -  s e c -n

in Figure 4 the results of FSCPAN arc hig her  than the  Levy anal ysis  due t I c

the fact  that the FSCPAN results arc not an infinite serie s solution , but

are lower than that  of the Handbook analysis  for  the leng th to width ra t ios

of the t h re e  panels.

For  the Handbook the result s are exact solutions for the three panels ,

hut the FSC PAN results  are for eight terms of the infinite serie s needed to

solve the system. W ith more t e rms , the resul ts  will  be muc h lowe r than

those presented and will eventually become much closer to the Levy resul ts .

2 1 
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TABLE 2. LEVY PLATES

Plate A Plate B Plate C

E 1 9. 5E6 10. 6E6 29. 4E6

E 2 
9. 5E6 10. 6E6 29. 4E6

t 1 .1 .15 .02

t 2 
.1 . 15 .02

.3  . 3 . 3
2

Gcxz

Ccyz

t 0
c

b 20. 20. 20.

a goes f rom 15 to 80

2 3

_ _ _ _ _ _  _ _ _  _ _ _  J
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4. 3 INTERACTION F O R M U L AS

A number  of in teraction f o r m u l a s  ha~ bc-c- n p r o p o s e d  in o r d e r  to

facilitate the analysis of the stabil ity for asc-s of c o m b i n e d  l oadings  fo r

sandwich panels as given in R e f e r e n c e  ~ - . Th - purpose of thc interaction

formulas is to account for the combined e f fe c t s  on the panel of variou s

applied loads by the comparison of the i n t e n s i t y  of each  load to the cr i t ical

valu e of the same load actin g alone on the panel . Each ratio is weighted

by means of an exponent associate d with the p a r t i cu la r  load type be ing

examined. For examp le

R 
e 1 R 2 

~ Z = const.

where

N .
R - 

N .
~c r

The e~ are constant exponents , and the index i is a s soc i a t ed  with the  type of

load ing being examined.

Interaction formulas are attractive in that any number  of load cases

can be analyzed once the individual  cri t ical  loads for the panel are de te rmined .

The problem is that these formulas  represen t  approximat ions  to an exact

analysis of the stability under  the combined loadings .  Interaction formulas

for the cases of edgewise compression with edgewise shear , edgewise

compression with ed gewise bend ing,  and ed gewise shear  with ed gewise

bending have been evaluated for the sandwich panels in Table 3 dur ing this

ana lysis .

4.3. 1 Edgewise Shear and Com2r ess ion

The interaction formula fo r  axial compress ion  and e d g ew i s e

shear  is of the foilowing fo rm:

24 
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TABLE 3 . PHYSICAL DA TA FOR COMBINED-LOAD EXAMPLES

Panel 1 Panel 2

9, 5 x 1 0
6 

l 0 . 6 x l 0
6

9.5 x l 0
6 

10 .6x10
6

t~ . 021 .050

t 2 . 021 . 050

v .30 .30

.30 .302

G 19000 . 30000 .cxz

G 19000 . 30000.cyz

t . 181 .25
C

a 20 . 20 .

b 20. 36.

25
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N / Nx 
+ ~ ( xy )

N N \ N  /xcr ycr xycr-

For sim plicity of this analysis and for the purpose of

graphing, the above fo rmula has been modified to the following:

— — 2
N / N  \x 

+ ( xy ) = ( 1 8 )
N /
xcr xycr

The left-hand side of Equation (18) has been evaluated for

several load conditions . The resulting values of the equation have been

gr aphed and are presented in Figure 5 for  the two panels. The fo rmula is

reasonably accurate for most of the cases considered. For Panel 1 the

estimate (Equation 18 ) is a nonconservative e stimate in that the true values

for  the panel are less than the estimate below.

4. 3. 2 Ed gewise Bending and Co ression

The interaction formula for  combined ed gewise bending and

axial compression loads is g iven as follows:

\ 3/2
x 

+ (  
xB 1 i. ( 1 9 )

N \ N  /xcr xBcr

Here  N
B 

is a pure-bending load as shown in Figure 1. The left-hand side

of the formula has been evaluated for several load c onditions . The resulting

values of the equation have been grap hed , and are presented in Figure 6 for
the two panels. The formula is reasonably accurate for most of the cases,

but has the greater  discrepancy for  P anel 1. For both panels , the estimate
( Equation 19) is a conservat ive estimate for  the true value s ~ f t he  ed g c’w ise

compression and edgewise bending for the panel.

26
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4. ~~. 3 Edgewise  Bending and Shear

Th e int e r act ion f or mula f or the evaluat ion of cr it ica l con~ --

h I !~ed ~~~~~~~~~~ bending and s h e a r  loads is as fo llows:

— 
2 2

/ N  / N  \xB 

~ ( 
xy ) = 1. (2 0)

/ /x B cr xy cr

Values of the le f t -hand  side ol the f o r m u l a  h av e  been (-valuated for  the two

panels. These values have been 2 r a p he d  and a r c  shown in Figure 7. The

expression is relatively accurate for t he  t w o  panels .  For both panels the

estimate (Equation 2 0)  is a nonconse r~ ativc- e stimate of the true values

for the edgewise bending and shear  for  the panels . For Panel 1 the estimate

is almost the true value s for  the panel in that the grap h for  Panel 1 almost

lies on top of the formula .  For Panel 2 the estimate is much more non-

conservative, in that the true values for the panel lie much fa r the r  below

the e stimate for the values.

4.4 OTHER EXAMPLES

Out of curiosity, the analysis led to the th ree  panels l is ted in Table 4.

For each of the three panels several values of the length to width ratio were

considered.  Resul ts  for  edgewise compression only were computed for

the th ree  panels with the computer p rogram (FSC PAN) and the  Handbook.

As can he seen in Figure s 8, 9, and 10 , the critical ed gewise compress ion

load obtained for each of the three panels is lowe r by the analysis  presented

in this report  (FSC PAN ) than by the analysis presented in the Handbook

(Reference 6).
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TABLE 4. SANDWICH PANELS

Panel A Panel B Panel C

E
1 

l 0 .6 E 6  lO . 6 E 6  l0 .6 E 6

E
2 

l O . 6 E 6  l 0 . 6 E 6  l 0 . 6 E 6

t 1 .05 . 125 .025

2 
.05  . 125 .025

.3  .3  .3

G 2 1000 21000 2 1000
cxz

G 2 1000 21000 21000
cyz

t .5  .5  . 5
C

b 20 . 20. 20.

a 15 ~ 60

U
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4. 5 DISCUSSION

In this section , various calculations concerning the stability of a

clamped sandwich panel under combined modes of loading and single loading

have been presented along with conclusions concerning the effectiveness of

typical interaction formulas. These results indicate the versatility of the

analysis procedure described herein, and illustrate the characte r of some

of the ef fec ts  due to combined edge loading s to clamped pane ls.

The results g iven in P a r a g r a ph 1. 2 indicate that  the infinite serie s

solution to the analysis agrees with that of Levy for  the type of analysis  he

has pe r formed. Also , for  the e i g h t - t e r m  solution used for  this analysis , the

results for an edgewise compressive load applied to an isotropic panel are

nmch lower than those results as presen ted  in the anal ysis  in R e f e r e n c e  6.

The re sults g iven in Parag r ap h 4. 4 also indicate that  tb - ’ analys is  presented

herein for an edgewise compressive load y ie lds  lower  va lues  than  those

va lues as presented in R e fe r e n c e  ( .

R e sul t s g iven for the variou s in te rac t ion  f o r m u l a s  indicate  that the

formula  proposed
6 

for  edgewise compression  and ed gew ise bending

(E quation 1~ ) may be of some us e for  desi gn pur poses , since this fo rmula

y ields r a the r  conse rva t ive  results for  all cases  cons idered  here in .  For the

case- of combi ned ed gewise compression and shear  loads (Equation 1 8) the

formula  is conserva t ive  for a rectangular panel, but is nonconservative

for a square panel. As for predictability, the formula  will probabl y depend

on the type of panel being considered and the  l e n g t h - w i d t h  ratio being

considered . As for the ed gewise bending and shea r  in te rac t ion  f o r m u l a

(Equation 20), the results obtained will be nonconse rva t ive  for  the des i gn

of a sandwich panel. The best results will be ol)ta ined for  a square sandwich

panel as shown in Figure 7. As for a rectangular panel the formula is very

nonconservative and may possibly lead to a r a the r  l a rge  er r o r  in the true

values when predicting the combined load values.

L.  -



SECTION 5

SUMMAR Y AND CONCLUSION S

An anal y s i s  h a s  been p resen ted  fo r  t h e  p red ic t ion  of the instabi l i ty

of f lat , c lamped , r ec t angu la r  sandw ic h panel loaded by combinat ions of

h , i ~~x ia l t - d i~c~vi se  C On i p r C s S i o n , biaxial edgewise  bending,  and ed g ew i s e

s hea r  l oads .  t i e  model  has  been formula ted  in t e r m s  of the total potential

c-ne r gy  of the  ixi n&- l , \V~ ic ii is c omp osed  of inie rnal  elast ic strain ene r ~y and

the pot en ti a l s  of t i -ic c D , O h i n C ( l  applie d l o a d s .  The R i tz  method is used to

t r a n s f o r m  th ~ i -n e1 - i~y r un ct io n  in t e -r n ~s of con t i nuou s f ie ld  v a ri ab l es  into a

quadra t i c  func t ion  of d i scr et e  p a r an - i t. - t & -  r s .  T r a n s f or m i n g  th is  func t ion  into

a mat r ix  f o r m  ~tn-: i app ly ing t h e  p r inc i ple of min im um po ten t i a l  en er gy

resul ts  ui a 4 ( -f le  ra~ j zed  d i sc re t e  ej genva l i a :  [)rO l ) lefl l . Solut ion to th is

e-i genvalue proble m is done Nv s t a n da r d  methods .  The f inite  n u m b e r  of

ci genvalues  obta ined in the  solution a p p r o x im at e  t h -  l o we s t -  value of t i e

inf ini te  nu m be r of c r i t ica l  loads  to find the  c r i t i c a l  buckling load , w h i l e

the c ig e i iv e c t o r s  approximate the bu ckled mode shapes  tha t  t h e  panel  will

assume c o r r e s p o n d i n g  to the g iver~ e igenvaluc .

The accuracy  of this ana lys i s  has  be -n dem o n s t r a t e d  by the c o m p a r i s o n

with  resul ts  availa ble in the l i t e ra t u r e  for  a ra th e -  r l imi ted  n u mb e r  of exan  ip le

Also , a l imi ted stu dy has  been macic to look at t h e  0p 1) 1) Cab i l l ty  of s( v ’~ cal

typical inter acti~ C f o r m u l a s  wh ich  are  commonly  u sed  in  t h e  dc - s i ~~n of

s andwich  panels .  F rom the p re  sent  an a l y s is , c - ) n I p a  r i s o n s  of the i nL - r a e t i ~ e

f o r m u l a s  ind ica tes  t ha t  som~- of t hese  fo r m u l i s  y i e l d  n o n c Of l se r \  d t i \  e r e s u l t s

for  cer t a i n  combina tions  of load ings  and geori ietr ic s , and s h o u l d  d e f i n i t e l y

be used  w i t h  e xt r em e  c a u t i o n .

- 

- 
A com pute r ~ 

r u g  ram has  ~e e I L  dc- v elope (I IC )  if lI i) l  c rui e nt th c ’  e ofl t ) 1l1 - Ii -

loads  i f l st a i) i l i ty  anal y s i s  p r e s e n te d  h e re i n . I h i  ) r o g r a l l  ~~5 O~~ )( ’ r a t i o n a l

onl y by h ) . ( t . ( . i l  mOde p ro c e s s i n~~. I - OF t h e  p r o cr a m  t ’  p - l a t e  ( f l t ( 1 ( (  t 1 \  e l y ,

t h e  n u n i b L i ~> f I t - r i n a  in t h e  -~~p i  - s s - i o-i ~-\ p 1a - f l d L N  A)  \ \ I ) t l l ( !  ha~~c - t~~ ~ 5 ’  

—— ~~~~ —~~~~~ ~~~~~~ —~~~~ - - - —  - - -~~~ —- -- — — ~~ --~~ - ——i-- - — - — -



drastically reduced that the results would not be very useful to obtain t i l e

true value as can be approximated with the batch-mode with eight terms.

A detailed description of the compute r program and its usage are contained
- - 9in a companion report.

In conclusion, the sandwich-i panel instability anal y sis desc r ibed

herein represents a usefu l and somewhat accurate tool for the desi gn of

lig ht-weight , high-pe r fo rmance  structural components having clampe d

edges which is the case in many physical s t ructures .  In addition , the

method of analysis provides a suitable starting point f rom which many other

general type s of sandwich construction can he considered.

_ _
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This Appendix presents the expansion of the Equations (5 and 6)
and the symmetry needed for the expansion of Equation (Z).
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APPENDIX B

POTENTIAL ENERGY IN EVALUATE D FORM

This Appendix presents the expansion of the Equation ( 7 )  into

Equat ion ( 2 )  w h e r e

Z n - f l  2 m f l
= ~ 3 n = . l 

and 9 =  3 m = l ~~

~p
a~~~~~~~

[
~~ i ÷ ~~ ~~~~~~~~~ ~~

b (1 i,4( ~~~~~~ V B~~~~ B~~~_~~~0
+ 5

mn
5

m+2 .n~~~2 
5

fl ~ P
5
in.L -

- B~~~~~ ~~~~~~~~~

÷ ( st_ _ n  - V 8rn-l n 
- 

~ mn
5

m~ n4  + 
~~~~ 

5
n,-2 . n , Z  

- ~~~~~ 5rn , n - Z  ~~~~~~ B
~~~~~~~~ 2))

+ 1.(~~~~~~~~) ~~ a~~a 
(t 1)

2 
(n +1 ~~~ ~ 

- B - S
~~~~

B
~~~+2 . 0 + 8

mn 
5

m + 2 , n 4- 2 )
+ (in + I ) 2 (n.1) 2 ( 5~ 4 - 5rnn

5
int t , n-2  ~~~~~~~~~~~~~ 

- B B )

( r n - i )
2 

( n I  ~~~ 
(~~ nn 

- 
inn r n - 2 ~~c 

5
XTCO 

3m- Z , n ÷ z - 
~~~~~~~ ~~~~~~

÷ ( m - l )
2 

( r - U
2 

(~
z~~ i -B  B

~~~~ 
- B

2 
-

+ ( I 
~~~ ~ ty ~~~ ~ + 1)

2 
In  I ( 2 ( 2 B~~~ C

~~~~
I ~~~~~~~~~~~~~~~~~ - B

mn
C

m , C z - 5
rn r 

c~~ + . n

i- C B - C  11 - c  s
in ÷ r - - - iTifl In. D- . inn m + — - a

+ (in f I ) ~ ri i- i ( ( ~~B C
0 

+ B~~~ C
~~ i- ~ 

- B
~~~~

C
~~~_ 

- ~~~~~ ~~~~~~ ~ 
+ C~~~ ~~~ 

~ 2 , n

-c  B - c  ~m n  in 42 mt nV. m. n r

47

_ _ _ _ _ _  - - -  -~~~~~-~~~~~~~~~~~ --~~~~
- - - - - — -- - - - 

~~~~~~~
- -

~~ 
--

~~~
- - - - -- -—--

~~~~~~
--



________________________ 
-~~~~~-- --- -~- — - ------~~ - - -~~~- - --- -

~~
---

+ ( r n - 1 l ~ - n  I t Z (2 B ~~~~C
ma 

5
rnn ~~~~~~~Z 2  

- - 

~~~ 
C~~~~~~0 ÷ C~~~ 5

r n 1 2

- c  a C 9Ti-In in-!, it n—n in .

?B C ~ 8 C - IC C - B c + c  aInn inn inn rn - , t _ ri-rn ~n ri-tn rn , n - - C  inn rn4, a +2

- C 5m.2 , O 
- C

ma

~~
i- L~~~iY ~~~~ ( ( n  ÷ i ) ~~ (4 c~ - ~ C C 2 

- C C 2 ÷ C C - C C 
+Z , a + c c  ÷ 2 ÷ )

+ ( n - f l  ~~~ C
2 

- C C
2 

IC 
~~~~~~~~~~~ 

- C C~~~~, + C - C c

+ 
~ 

~ z ( i ~~~~
) ~~b ( 2  ~n + i ~~ ~c 2 

- C
ma C

2 
- C C 

+ 2 . n +C C~~~~~

(in I l ) ~ (n- it
2 (~

2 -c c - c c 4 - c  cri-rn ma in, it -2 inn in • it inn rn i-2 •

r I n - 1 1  (0+1)
2 

(c
2 

~
C

ma C rn~ z.n 
- C C 

n I t  ~~

+( rn - l )
2 

(n - I (~ ~ + C
r~~

Cm.z , n 2 ~ 
C C , -

a~~ 

~~ 
i - I)~~1v B

~~n
A
inri 

- B~~~ A
r n + t . n 

- B
ma

A
m n ~~ 

+B
mfl

A
rn i -). + 2  

- 1I~~~~ A~~~, at

I 5mrin A rn +z , n *1 - V A
~~~

B
~~ _ Z . n - 

~rnn
B

m i t 2  + A ’  +2 , it - 1  
- 
~~~~ 

1
rn a +2 ~

‘
~ inn B

~~ -2  -

+(rn l) 4(2
~~

B
ma

A
ma 

- V B~~~~A~~~~2 ~ 
B~~~ 0

A~~~ 4 A
n1~ !. it -~~,-2 

- A , ~~~~~

- Y A
~~ ,.B

~~~ t 0  ÷A~~~ B 
i-~~ 

- A
nrn

B
rn. n~ z 

- 
~~~~~~~~~~~~~ 

- A 
~ rn-2,

48

- -  --  •
~~~. --



__________________________________ —~ — ---------—- ------- 
~~~~~~~~~~~~~~~~~~~~~~~~~~~ - -

- - .  ~~~~~. - -

- F-
— —

~~~~~~~~~~
-

i- t~
2 

a + 1) ~ (n-  l ) 2 (2 C~~ 0~~~~~ + ~~~~ 
A 

2 . n - 2  
- B

InO A
Pn a-2 

- B
~~

A
~~+2 , ~

- A  B - A  B
inn in, ,,-~~ inn in + C • it

II I ) ’ (a  + 1 ( 2 
~~~~~~~~~~ 

- i-

~~~~~~~~~ n 2 , n-Z  
- 

~~ 
- 5

inn it t z -  - 2.n a 2

- A  B -A Bfl-tn fit + 2. o ~~~ ~ 0 +

+(rn - I) 2 (a- i )
2 

~
2 B ma

A
ma 

4-8
rnn 

A
~~~ t 0 t  i n n i n 2n  ‘- A - A B  

:~~ma 
B~ 1~~~

2’)

f (rn - i ( 2 
( n + I ) 2

(25 A aB A - B A - B A ~ A Binn inn ntn rn-2 , ni- rnn in- n fl fiLl V . Tt~~ 2 in~ rn~~~ n÷Z

- A  3 -A Binn 
~~~ 2 • ~ inn n +2

~~~ ~~~~~ (n 
+ l l ~~ (2~~C A - 

~ ~~~~~ ~~~~~~ z~ 
C A , ÷ ~~~~~~~~~~~~~~~~ - C

~~ 0
A

~~~+t ~~

i - C A  - 6  A C
2 4 - A C - A C  i - A C

)

C A I L  A -C Ai- I n -  ~~~~~~ C A
rnn 

- F C ri~r
A _~. , 2 

,~ 
~~~~~~~~~ n - Z  

- 

~ -~~2 • a mn in +2 , n -~ mn in 2 n

- A 
rrn~ in . n -2  

- \ C  
~~, 0~~~C 

- A , - ~~ in .2 , a A
i-i-,~

c
~~~, - -2 

- A
ir,,. ~~~~~ 

~~

at t
0 ~~~( i r n .  i

’ n a p i ( z c , 
- 

~~~~~~~~~~~~ -
, 

~~l V r i~~~~~~, it 
~~~~~~~~~ 

!, f l a t

- “ rnn
i-

m . 2 . n ~~~~~~~~ S a Z ~

+,in 1 1 ) 2
+ l~~

’ (- - ~~~~~~~ 
C 

nr
A

in . - t  
-C ,, ~ *C . , ~~A C  

~~~~
C

r n . : fl * 
~~, 

C _~~~~~~~~ :)



t z - C A  - C A  + C  A -
~~~ C+ ( rn - I )  (a +1) (ZC A ma in- 2 ,n inn in. a 4’ 2 ma in- z . a + z - 

~~ ~~~- 2, a

-A C i - A  Cinn rn .n + 2  inn m-2 ,a i-2

2 2 /  C A -C A i - C  A -A C
+ ( r n - I )  ( n - I )  ~ Z C A ma ma m-2 , n rim m. n-Z inn rr - t .n- t mn rn-2 .n

-A C 2 +A

3

~ ~~~~~~~ A~~~~ - 
~~~~ 

A
~~ + 2 ,a 

- A
ma

A
m.  ~ -2 

+ A A
2 a .2 - 

~~~~~~~~~ n + 2  + A A
2~~~~~

)

+(m-1)
4

~y A~~~~~ V A~~~ A
~~~t 0 ~ 

A
ma

Aa + Z  
+ A

rnn
A

n~~2 , a . Z  
- Arm,A m.0~Z

. .  ~~~~ .~(
\

(n+ 1) 4(0 ~~ - 0 A &  n+Z 
- A

m0
A

m~~~~~ n
+ ~~~~~ 2 . a 

- & A  +A
ma

A
m+t 0+2)

+ (n .1) 4(0  
A

2
~~~~~ 

- ~ AmaA
m a .2 +A ma

A
m t a Z - A

~~~
A

m i a
+A

ma
Am+i n t - A

ma 
A

~~~+2 ~))

~~~~ ~~~~ ( n ÷ I ) 2 (A ~~~~ - A
ma

A
m n a 2  

- A
~~,.

A
~~~+ 4 0  + A ma

A rn , 2 0 + 2)

+ ( m + I ) 2 ( n . i ) 2 (A ~~~~ - A~0~
A

~~ u 2  
A

~.1~0
A

~~~i - z  a
+A

ma
A

m

i n 4J
z

f r + Z ? z(A
t 

A
ma

A
m Z 0  

- A
ma

A
m. a + j  . A A

+) m - i )
2 

(O ~~i) t (A~~~ + A A 2 . - A
ma

A m~ 2 . a ~
A

mn
A

m 0 ~ Z~
)

~~~~~ ~ +~~2(~ p3 ,- V 
~~~ 

5
m+Z.n 

- 5
mii

1
~m. n - 2  4 - Bma

B
m +  2 . a - I  - B ,,1 M~~~~0 2 

+ ~~~~~~~ 4~Z .a4 2)

+ (rn-l)2(v 
~

‘
ma~~ 

Bma B
m Z n

+ ) t , r i tL , 2 n Z ~ 
B
~~,.B ~ V~-t~

1
ln - 1 , a i - I  

- 

~~~~~rrt.a +

50

- - —— ~~~~~~~~~~~~~~~~~~~~~~~~~~~



___ - ~~ 2~~~~~~~~ 2~~~~~~~~~~~~~~~~ ~~~~~ ~ —~~~~~~~~
,-- - - -  _

~~~~~-i~~~~~~~~~~ -_

( : 4  -. -

- ~~~~~~~~~~~~~~~~~
& —~~ --

+ 10 ~~ ((m+I)2( Zy B 
~~~~~ - B

~~0
A

~~. 0~ 2 
- B A

i - 2 0 
+3 A i - 2 0 2  

- 

~ma’m.a+j i - B A  2~ n i-  2

- Ar, ~~~~~~~~~~~ 
AmaBn + z a 

÷ A 3 2 2  
- A

~ -t~
B

~ - t . 0+  t
4A

ma ~~~~~~~~~~~~~

B A - y B  A i-B A -B A + B A - B ‘
inn ma inn in-2 . n nut i n-I , n-i inn in, n-i ma rn -i , it + 2 inn i-n. n i- i

- v Ama
B

m i  a 
+ Ama

Bm.Z. n.Z - A 3m1 n-Z  
+A 

~~n -2.  n + i  
- A

ma 
3

in, 0

G
C~~~ 

!~~
(

~~~+n 2(~ A~~~ - A A 2 
- V A

ma 
A

~~+a i - A k 2 2 - A A

- V A k  + A A
2 

- A
rnn A

rn. a~ i i - A k  - A A
2)

~

)

C ~~~(( r L ~~I ) 2( ~c2 - e C C ÷ ,  - C maC i n Z n  
+C ma

C
in _ z c 42  - C

ma
C

O1+
_

n 
C

ma 
C

~~~_ 2 0 i - z
’
)

+(04) 2 ( 8  C~~~ - I C  C 2 + C ma
C i n i n~~ 

- C ma
C m i n + C ma

C i n _ Z n Z  
- C C

2 ) )

+ t~~ 

~~~~~ 

+I )~(ze C A ,  ~ c A
÷2 

- 
~~~~~~~~~~~~ 

+C
ma

A
i n Z U + Z  

- C
ma

A
m i-t o  

+C
ma 

A
~~~÷2 , 0 , 2

- I A  C A C +A C - A  C. +A C
inn m. a+Z ma rn-i, a inn rn-i, it +2 inO in +2 ,n ri-,, n-i +2 , ni-i

C
ma 

A
ma 

- 
~ 

C~~ r, A
~~~~~ i 

+C ma 
A

~~~2 0 t  
- C

ma
Am~ t , o 

i-Cmn A
~~ _ t 0 , - c

ma 
A

~~~~ ,

- 0  A C ~~~~~~ 2 
+A ma C m.i . n.Z - A C 2 

• A C  , - A C  
in

+ Z CyZ ~~~~~~~~ i - I ) ( 1 A2 
- C A A 

n i - t  
- A

ma
A m.i . a 

+A~~~ A
~~~~2 it + 2  

i - k  
-~~ 

A 
~~~~~~~ it . 2  

A
infi in

- 
~ 

A 2 ‘A A , 2  - A~~~ A
~~~~1 0  

i -A  A
~~~,1 - 2  

- A
~~ r,

5’



— ‘
~~

_

~~~~~~~~~~~~~~~~~~~~~~ 
- ;_ ~~

_- ‘ -

a ~~ (N~~) ~~ ~ +~~( A~~~~~ - A
0~~ 

A
~~~~0 . i  - V 

~~~~~~~ 
A

~~~+ i 0  ~
A A

~~~÷ i 0 2 
- 

~~~~~ 
A

~~~~~+i 
f A A

2 1 )

+ (0t i~2(~ A2
,,~ - ~ A~~~~ A

m 2 0  
FA~~1, A

i-11 Z, n-2  
- A

rru~
A

r~.~, n-Z +A O~ ,A~~~ Z D  2 - A
m 

An,, a + 2))

÷ ! (N
1
) ~~~ 

(
~~~. 1 l 2( C A ~~~ , - I A

m
A

*n ~~,2 - A A +A
In~, 

A 
2 , A~~~ A 

-l~~ , 2 0  
+A

~~~

~ ~~*- i) ’~eA~ - 8 A - •A A - - A A i-A A - A Ama am nt,n - 2  in,, rt ,-~~ , i - i  ma ~i i - ! , 0 r~ in ci ,- Z . n, -2  CiA i n 4 2~ f l /

a _ k I ;) 1 ) (A A ( 
( n ’a ~~2 (~ ( 0 — i )~~ (c.+ g) 2 

- 

(~~~~~~ *~ + s ( ~ 
V i - ,

I 1 1 1i-A - , - 
- - \ (o+.) (a- i( lii -a Cl ( n — s  -~~~ i.~ i-~ ‘21 (n i - a )  I f l ~ - . )  ( ‘i -a  +2) ’

if  - / i I I 1 j -+ ( r n - I ) 4 A i 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

- - — --- t — - - ~ -- - - -  — - - -rn~ n a ’ 2 • 2 2 — 2 - —( a — a )  (ai - . - ..l ( n — a — i )  r, + i )  I - .÷~~I (n + s )  I~

1 1 1 1 — - - - !. —— - - - , I
+ A A (  ~~~~~~ - 

(~~ +~~~- 2 ,  ( n - a - 2 i 
+ 

l’~-a + 2 ) ~ (a + * )  ( n _ s ) 2 
IL i  a . 2 1  ~ ‘

+ N (~. )) ~ A (  i- - - - - -~~ - 
2 

~~~~~~~ 
-

- 
_L~_ 

-
r - irn- •-)  rn~~r . 2 1  ( r n - r - 2 )  ( n i - n  ( r n - r i - I )  (itt a - T I

! , _
~~~~

— ) +A A ( - - - - -
~~

- - 
2 - CiA + ,,ii- 2 , 2 2 ‘ -

( n i - r I  ( mi - i-  42) / (IX, r i - I  ( ri-i — r )  r - 2) n - i -

a- ~~~~~ ÷ - - - - - — -
Z 2(rn—i 4 2 )  (a-. i - r )  ( i n-  r (  in + r - _ i  -

, -

- (  I i I I I
A l  - ~~~ — — - —-- 

- ~~ -- -
~ l u - i)  ( m + r  — (i-i , a ~~~~ , 1 r i i - r t ~~~) ( i n ,  r (

k ~- - -~~ —~~~~ -

h i t - i )t (a i’ r  t 1 ” --  l f l - ’ t  ii’ r I  I n r . r - 2 ,  ni

- -  * 
! - i _  \ -

• 
lri- - r . 1

2 
~r i * t )  ri ,( n i -  T ‘ 2,’ -



+ A~~~ A N 2 A A (  
( I )

2 (~~~~~~~~~~~~~ n~~~~~~~~ 2) 
- 

~~~~~~~~~ : r ~~I ) i ~~~~~~~~~ 1) 2 (

(~~ +I)~~~~~~ 1 
2 4 ( i -  _ 1 ( 2 ( i t - f l2 

+ 
Lm )) Z 

i l~~ ‘in~~~~
2 I,.V 2

~~~~~~~
2
’ ’

( ( m + I ) 2 . ( r + 1 ( j ( ( 3 4 - I ) .  I n . 1 ) ) ( ( i n i - i )
2 

( r i - i )
2
~ l i , , 1 l _ a - C 1  H n l - i ) - r - l ’i ( I V  2 

~~~- , , 1

~ 
(iTt -a-I)

2 Ls ’) 2 + ( r - 1 ( t ( r i — 1 1  + 
f in~i- -l Y i I

’ , r i ~~ i 2
~~~~~~~~

2 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

((mi-I)
2
- ( r - 1 ) )~ (s _ 1 ) -  )~~ ) ( )  (~rn i- I(

1
- r÷ lr) (  ~~~ i - ) )  i t . ) ))  

- 

(~~~.1)
2 

- Ii- a I (~~~~ : ’ -  (
2 ( i t+I) .

- 
(m-~~~~ ( i + t ~~~~+~~~- l )

2 ( n - I )
2 ( 1 ) 2 (~~, ) ( 2 

) r - I ) 2 ( i t 4 - i )  2 ( i n - i ) 2 ( a + 1) , - (r  ‘ ) 1 - 1 1

(( in - i )
2 

- ( i - I )
2 ( .+n 1- (a~~i) 2) ( ( i n _ I )2 

- ( r + 1 ) 2X
~.- i ) 2 

- ( n + I I L) ( ( r n - 1 ( ~ ( r + l ( Z
)((, + ) ) 2~ (o~ ~~~‘

2 2 2 2 2 2 2 2 . 2 2 2 2
( r n - I )  ( a - I )  ± J L ! i ~~~L C m — i )  ( . - - 1 )  ÷ ~r - I )  ~n + 1)  

- j~)~j~ _~!Ij I — ‘ ‘ - I i I - , - (  -

( ( m . I ) 2 
- (r .1) Z

~~ .~~i) Z . ( a _ L ) Z
) ( ( i n~~i) 2 

- ) r .1) 1)((,~~I ) ~~~(a+ i ) )  ((~~~~1( 2 ( i - ) ) 2 ) . ~~~~ T:~~ ; ~

. 1i-~~~~~~i--.i - — —  ÷ 
l rn,)( a , ) l~~~ r I I ~~~~~ - -  - 1

— 
( ( r n - i )

t 
- (r i ) 2 ) ( ( S~~I (  -(n i - I ) ) ((m. ) - ( i ’l l  ~~~~~ 

- ( a - , ,  

j

c 

- 
--- -- -



- ---

~~~~~~~~~~~~~~~~~~~~
- 

~~~~~~~~

—- -- - -  - - -
~~~~~

--

APPEND IX C

POTENTIA L E N E R G Y  IN QUADRATIC FORM

— - - -
~~~— -— — - ~~~~~ - - - -s- — --— ~~~~~~~~~~~~~ --— .~~~--- ~~

- - s_a  
-~~~~~~~~~



- 
- -

:I:~
-’ ’~:~:= ~

‘:~~‘
APPENDIX C

POTENTIA L ENER GY IN QUADRATIC FORM

This Appe ndix presents the final expression for the potential
energy of the sandwich panel. This include s Equation (8) into the Equation

( 2 )  and Appendix B where
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